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OPTIMIZATION OF NONLINEAR CHARACTERISTICS
(K. Inan and C. A. Desoer)

On the problem of optimization of Nonlinear Characteristics, the
derivation of the necessary conditions has been completed. The results
were presented at the Allerton Conference (1969) and the detailed deri-
vations were the subject of the Electronics Research Laboratory Technical
Memorandum No. ERL-M267. A paper on the subject has been accepted for
publication by the Journal of Math Analysis and Application. We are now
developing an algorithm for the iterative calculation of the optimum

nonlinearity.

[1] XK. Inan and C. A. Desoer, "Optimization of nonlinear characteristics,"
Proc. 7th Allerton Conference, October 1969, pp. 105-108.

MULTIPLE~-INPUT MULTIPLE-OUTPUT DISCRETE SYSTEMS
(C. A. Desoer)

The work on the Input-Output properties of Discrete System has been
submitted for publication in the Journal of the Franklin Institute and
has been presented at the Allerton Conference. In order to tie this work
with some recent work on stabilization we are presently investigating some
ways to remove certain assumptions that were necessary in our 1969

derivation.

[1] C. A. Desoer and M. Y. Wu, "Input-output properties of multiple-
input multiple-output discrete systems. Part I and II, Proc. 7th
Allerton Conference, October 1969.




DIFFERENTIAL GAMES
(P. Varaiya)

P. Varaiya has just established existence of equilibrium solutions
for N-person differential games when the dynamics are linear and the
cost to each player is convex. It is shown that under certain mild
assumptions on the costs thefe always exists an open-loop éqﬁilibrium
solution at least on a sufficiently small interval. It is also shown
that these results cannot be extended. The results are given in Ref. 1.
The next step in the completion of this theory is to study the game when
closed-loop strategies are allowed. We shall also give a procedure to
calculate the equilibrium strategies.

[1] N-person non-zero sum differential games with linear dynamics (to

appear in J. SIAM Control).

ACCELERATION TECHNIQUES FOR OPTIMIZATION ALGORITHMS: PART I
(K. Jeyarasasingam and E. Polak)
This part of the project, which is primarily concerned with nonlinear
brogramming and discrete optimal control algorithms is being continued.
At present computer programs are‘being written which will enable us to

evaluate some of the acceleration techniques under consideration.

ACCELERATION TECHNIQUES FOR OPTIMIZATION ALGORITHMS: PART II-
(R. Klessig and E. Polak)
This part of the project is primarily concerned with continuous

optimal control algorithms. In particular, we are investigating methods




for inserting adaptive subprocedures into algorithms, such as that of
steepest descent, which automatically adjust the required integration
step size and order of the'integration formula, at each integration.

This results in algorithms that are convergent and that integrate very
crudely, and hence very rapidly, when one is far from an optimal solu-
tion, and increase their accuracy of integration as an optimal solution
is approached. A certain amount of numerical experimentation has been
performed and leads us to expect that these adaptive algorithms will re-
sult in considerable savings of computer time, as compared to traditional
algorithms. In addition, we are developing new families of algorithms

which are not simply efficient elaborations of existing ones.

DECOMPOSITION ALGORITHMS FOR OPTIMAL CONTROL
(G. Meyer and E. Polak)

This study has been completed and the resulting paper, entitled "A
Decomposition Algorithm for Solving a Class of Optimal Control Problems",
has been accepted for publication in the Journal of Mathematical Analysis

and Applications.

ABSTRACT MODELS FOR THE SYNTHESIS OF OPTIMIZATION ALGORITHMS
(G. Meyer and E. Polak)

The convergence of optimization algorithms has been studied exten-
sively in recent years (see [1], [2], [3], [4], [5], [6]). The approach
generally adopted in these studies consisted of defining a class of

algorithms and then giving convergence theorems which applied to every




algorithm in this class. This approach has resulted in the development
of general procedures which have considerably simplified the task of
establishing whether an algorithm is convergent. However, the emphasis
so far has been on analysis. Very few of the existing results provide
guidelines for the synthesis of algorithms. Our approach to the problem
of synthesis consists of two parts. First we develop abstract models for
algorithms. These models guide the inventive process towards hconceptual"
algorithms which will later be easily made impleﬁentable. Once the ab-
stract models are established, we obtain a set of methods for converting
"conceptual" algorithms, falling into the class defined by the abstract
models, into "implementable" iterative procedures.

The results obtained so far, have been described in the Electronics
Research Laboratory Technical Memorandum No. ERL5M268, entitled "Abstract

' and this memorandum

Models for the Synthesis of Optimization Algoritﬂms,'
has been submitted for pﬁblication in SIAM Journal on Control.

The two most important aspects of the theory discussed in Memorandum
No. ERL-268 are the following:

(i) By using abstract models one can separate out the essential.
properties of an algorithm from the non essential ones.

(ii) Given a "conceptual” algorithm in which one has to perform in
sequence several operations each of which requires an infinite number of
iterations, one can obtain an "implementable'" algorithm by shuttling be-
tween these infinite operations, combining them into a single infinite

operations.

[1] B. T. Polyak, "Gradient Methods for the Minimization of Functionals,"”




USSR Computatiohal Mathematics and Mathematical Physics, Vol. 3,
No. 4 (1963), pp. 864-878. (Translation of Zh. Vychisl. Mat. i
Mat. Fiz., Vol. 3, No. 4 (1963), pp. 643-653.)

[2] W. I. Zangwill, "Convergence Conditions for Nonlinear Programming
Algorithms," Working Paper No. 197, Center for Research in
Management Science, University of California, Berkeley, November
1966.

[3] D. M. Topkis and A. Veinott, "On the Convergence of Some Feasible
Directions Algorithms for Nonlinear Programming,' J. STAM Control,
Vol. 5, No. 2 (1967), pp. 268-279.

[4]1 E. Polak, "On Primal and Dual Methods for Solving Discrete Optimal
Control Problems,' Proceedings, Second International Conference
on Computing Methods in Optimization Problems, San Remo, Italy,
Sept. 9-13, 1968, Academic Press, 1969.

[5] E. Polak, "On the Convergence of Optimization Algorithms," Revue
Francaise d' Informatique et de Recherche Operationelle, Serie
Rouge, No. 16, 1969, pp. 17-34.

[6] W. I. Zangwill, Nonlinear Programming: A Unified Approach,
Prentice Hall Inc., Englewood Cliffs, N. J., 1969.

DECISION-MAKING IN A FUZZY ENVIRONMENT
(L. A. Zadeh)

By decision-making in a fuzzy environment is meant a decision process
in which the goals and/or the constraints, but not necessarily the system
under control, can be represented as fuzzy sets. For example, a con-

straint on a non-negative variable x which is expressed as "x should not

be substantially in excess of- 10," is a fuzzy constraint in which the
source of fuzziness is the word "substantially." 1In this case, the con-
straint may be represented as a fuzzy set C whose membership function
uC(x) is given subjectively by, say, uc(x) =1 for 0 < x < 10 and

-2.~1
bt =1 - Q0+ (x-10) 7) .

If a goal is represented as a fuzzy set G in a space of alternatives




X = {x}, and a constraint is represented as a fuzzy set C in the same

space, then a fuzzy decision D is defined as the intersection of G and

C. Thus, the membership function of D is given by

uD(X) = Min(uC(X), uG(X))

When faced with the choice of an alternative in X which is a best
compromise between the goal and the constraint, it is reasonable to
choose that x which has the highest grade of membership in D, that is,

an x which maximizes uD(x). Such an x is termed a maximizing decision.

A central problem in decision-making in a fuzzy environment is
that of finding a maximizing decision in the case of multistage decision
processes. Several problems of this type are considered in a recent NASA
report [1] which is scheduled for publication in Management Science. 1In
particular, we have considered systems described by state equations of
the form

X = f(xt, ut) , t=0,1,2, ...

t+1
in which X, denotes the state at time t and u, is the input at time t.

Both x_ and u_ are assumed to range over finite sets for all t.

t t

The function f may be non-random or random. The fuzzy constraints
on the input may be time or state-dependent.

The process is assumed té terminate when X, enters a prescribed set
of states in the state space, with the fuzzy goal assumed to be a fuzzy
subset of this set.

It is shown that under these assumptions the determination of a

maximizing decision reduces to the solution of a functional equation. A




simple technique for the solution of this equation has been developed.

Work is now in progress on more general types of problems of this
kind in which the system under control may be fuzzy. We are also con-
sidering pursuit—evasion problems involving fuzzy goals and constraints.
The main aim of our research is to develop quantitative as well as quali-
tative techniques for dealing with decision processes which are too
complex or ill-defined to admit of analysis by classical means.

[1] R. E. Bellman and L. A. Zadeh, "Decision Making in a Fuzzy Environ-
ment," Report No. ERL-69-8. To appear in Management Science.

SORTING ALGORITHMS FOR PRE-ORDERED STRUCTURES
(D. Chan and L. A. Zadeh)

A pre-ordering on a finite set X is a relation R(x, y) on X which is
transitive but not necessarily antisymmetric. Such relations play an
important role in optimization under vector-valued criféria. Thus, a

point X, in X is undominated (noninferior) if there is no y in X such

0
that (XO’ y) is in R. Given R as a set of pairs (X, y), the problem of
sorting is that of arranging the elements of X in a tree-like structure,
with the tips of the tree corresponding to undominated points. Gener-
alization of the linear sorting algorithms to structures of this type

are being investigated and the efficiency of their implementation in

FORTRAN IV is studied by computer experimentation.
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